Van-der-Waals interactions: Theory

Gerit Brandenburg <g.brandenburg@ucl.ac.uk> | 15! of March 2018

PHASG473 - UCL - ELECTRONIC STRUCTURE METHODS FOR MATERIALS MODELLING

London Centre for Nanotechnology
Department of Physics and Astronomy — University College London


http://www.gerit-brandenburg.de

Outline of talk

Bl Introduction

B H2 model system

B Adiabatic connection fluctuation dissipation theorem (ACFDT)
HE Symmetry adapted perturbation theory (SAPT)

B Generalized PT2

Introduction H2 model ACFDT SAPT Generalized PT2
Dr. Brandenburg — London Centre for Nanotechnology — University College London 15! of March 2018 2/26



Recommended literature

a Anthony Stone, The theory of forces, 2nd ed.; Oxford University Press,
Oxford (2013)

a |. Kaplan, Intermolecular interactions; Wiley (2006)

m S. Grimme, A. Hansen, J. G. Brandenburg, C. Bannwarth,
Dispersion-Corrected Mean-Field Electronic Structure Methods, Chem.
Rev.,116, 5105 (2016)

Other review articles

a J. Klimes, A. Michaelides, Perspective: Advances and challenges in treating van
der Waals dispersion forces in density functional theory, J. Phys. Chem.,137,
120901 (2012)

a J. Hoja, A. Reilly, A. Tkatchenko, First-principles modeling of molecular crystals:
structures and stabilities, temperature and pressure, WIREs Comput. Mol. Sci.,7
(2017)

Introduction H2 model ACFDT SAPT Generalized PT2
Dr. Brandenburg — London Centre for Nanotechnology — University College London 15! of March 2018 3/26



Why are van der Waals interactions
important?

m present in all electronic systems; even for non-overlapping densities

a leading term in 3D is always attractive
— accumulation of “weak” contributions

a London dispersion interaction also known as attractive part of the van der
Walls potential
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Definition of the model system

e e

=|

z, © zZ,

= nuclei fixed, Hilbert space H = Hp = L3(RY)

w Hamiltonian A = A5 + A + A,

+ ! TR
IR—ra+rg]  |R—ra  |R+rg]

m assume R large enough to ignore Fermionic symmetry

N 1
m interaction H; = —
"R

a specific form of P/g*/B not relevant, only assume rotational symmetry, i.e.
(/8 0] = 0, and U|W(ra, r5)) = [W(Ura,rs))
rotation matrix U (£1 for one dimension)
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Second order perturbation theory

m expand H, in powers of 1/R:
~ (rArB)R2 — S(TAR)(I‘BR) rars — 3xaxg
HI = =
R® A8
m zero order ground state from direct product |0) = |04)|05)

+O(R™)

m rotational symmetry (04|ra|04) =0
a zero order energy

E5 = (0Fbl0) = E5' + E5
a first order energy
E; =(0|A1/0)
1
:<O|ﬁ(r,qr5 —3xax8/0) + O(RY) =0+ 0O(R™)
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Second order perturbation theory
a second order energy
Z ( nIH/\O \2

, | n\rArB — 3XAXB|O>|2 _8
=—— R
= Z E_E  TOR™)

”A”B|HA#B|0AOB>|
Z Z EA—|— EB EB +O( )

Z Z P (I{nal 14|04} [2|(ns| 8l08)|?) + O(R™®)

na ng
= excitation energies wg, = EX — EJ', spherical dipole operators /14

a MacLachlan integral identity A+B fdwm
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Second order perturbation theory

a second order energy

13 Wiyl (nalial0a)? wonl(nel1s|08) |?
E2 - _ - d 1220n 120n
= [ | S SlOE |5kl

na ng

- ig/d(,uo/\(ir,u)oz“a(i(,u)

RS

® dynamical dipole polarizabilities /8
w dispersion coefficients C§% = 2 [ dwa?(iw)a®(iw)
a well known expression for London dispersion energy

=R
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Absence of 1/R’ terms

w inversion operator: 1|W(ra, rg)) = |W(—ra, —rz))
w ]is symmetry of system: [I, H] = 0
w |n) are eigenstates of 1, P =1, Tral = —r4

a split perturbation sum

g2 _ Z [(nlF4l0) [

E,— E
v [{n[Aio) > v [{n|Fj0)?
—~ E,— E —~ E,— E
Tin)=+In) Tin)==In)

® no mixed terms of even and uneven power of R possible
— no R~ term in second order expansion
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Consistency of perturbation expansion

w for consistency, higher oder expansion of H; in first order energy needed

straight-forward expansion in Am. J. Phys. 83, 150 (2015), App. B

rewrite first order energy

Ey = (0[A|0) = (05| Va(R) — Va(R + r5)|05)

1 1
Va(r) = (0a]= — ———10
a(r) = (0a] - |r—rA|| )

B re, ra 3(rra)? 4

= <0A‘ — F + ﬁ - 55 + O(f )|OA>
a employ identity <0AHI'A|2|0A>|I’|2 = d<OAHI’I'A|2|0A>
m characteristic length & = W
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Consistency of perturbation expansion

a first order energy

3(83—d)(5 - d)a® 1 _

m for d = 3, first oder term vanishes and attractive R~¢ is the leading order

w for d = 1,2, E] is nonzero and repulsive R~ is the leading order

Summary: H, model

m leading order energy: attractive R—® in 3D and repulsive R~ in 1D/2D

m Cg dispersion coefficients can be computed from dynamical polarizabilities
of separated atoms
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B Adiabatic connection fluctuation dissipation theorem (ACFDT)
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Exact expression for correlation energy
from response function

1 1 1 oo
E — ——/ dx /drdr’ X / dw [xa(r, ¥, iw) — xo(r, ¥, iw)]
27 J, 0

r—r|

a from adiabatic connection fluctuation dissipation theorem!'!

Coulomb interaction scaled by A

linear response of the electron density with respect to local perturbation
Sp(r,w) = / A\ (1, ¥ i) SV (F )
a relation to dynamic polarizability

aj(iw) = /drdr'r,-rj’x(r, r, iw)

[ A. Zangwill, P. Soven, Phys. Rev. A 21, 1561 (1980)
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In practice not solvable for
many-particle systems

1 1 oo
E, = _L/ dA /drdr’ X / dw [xa(r, ¥, iw) — xo(r, ¥, iw)]
27 J, 0

r—r|

a analytical expression for non-interaction Kohn-Sham system

occ virt

. Wai
xo(r, ¥, iw) = —42 Z Fb‘ﬁi(r)ﬁﬁa(r)wa(r/)‘ﬂi(r,) )
i a ai

a occupied and virtual KS orbitals ¢; and ¢,
m Y too complicated to compute in practice

— approximation needed

[ A, Zangwill, P. Soven, Phys. Rev. A 21, 1561 (1980)
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HE Symmetry adapted perturbation theory (SAPT)
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Double perturbation of intra- and
interfragment contributions

a start with a HF or KS solution of the unperturbed fragments

a perform a double perturbation in monomer correlation and intermolecular
interaction H,

A=F+W+H,
a Fock operator F, MP perturbation W

a standard PT not applicable at short distances due to density overlap
(product states are no eigenstates of the zero order Hamiltonian)

a use both antisymmetric and symmetric product states

[ Glaverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroddinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).
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Physical interpretation of different
contributions

m different contributions in different order:

[ Eé;j) 1st order electrostatic

Eg(j% 1st order exchange

Eiffd’) 2nd order induction

Eéf(’,)q_ind 2nd order exchange induction
(2)

E;.q 2nd order dispersion

. Eéi/%_disp 2nd order exchange dispersion

m gather various orders to physical contribution

AE = Eexr + Ees + Eind + Edisp

2] Claverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroédinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).

Introduction H2 model ACFDT SAPT Generalized PT2
Dr. Brandenburg — London Centre for Nanotechnology — University College London 15! of March 2018 18/26



Binding contributions to vdW dimers

12 i 12y
repulsive @/ [ ﬁ o
8 F [
—m o
S . r
4L N - I [
T /‘ 4t
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) 1 B
i~ s 0
> —4F g [
= = r
o) 3 [
c = —4+
o —8F = .
. ~ r
12 attractive -8 [
_ L [ attractive
16 I I | | | —12 I I I I
Eexr + Ees + Eing + Egisp = Eror Epxrt Ees + Eya T Eaysy = Eim

[ Claverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroddinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).
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Outline of talk

B Generalized PT2
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Rayleigh-Schrodinger PT2

(1) Rayleigh-Schrodinger perturbation to second order

WA =g + W 4+ Wi + O(3) (M
W' =wg' + wy 2)
Wi =(00|V’|00) 3)
o 3 0V i
mn V0 m 0 n
Y (00| V'|m0){moO| V'|00) 3 (00| V’|0n) (0n| V’|00)
— wg — WA WE — w8
B Zu (00| V'|mn){mn| V’|00)
— W - Wh+ Wy - WE
(4)
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Rayleigh-Schrodinger PT2
(1) Rayleigh-Schrodinger perturbation to second order
(a) Electrostatic in first order

U¢s =(00]v|00)
A(r)oB(r Al B
=<oo \ /d,d,fpf*'mpﬁ(f)\ 00>: [arar 202

r—r r—r|

(b) Induction in second order

A Z/ (00]V’|m0){mo| V'|00)

Uind = W(,)q _ W,ﬁ
; + (00[V/|0n) (0| V/|00)
n
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Rayleigh-Schrodinger PT2

(1) Rayleigh-Schrédinger perturbation to second oder

(c) Dispersion in second order

e, — 5 {001V lmn) (|0 -

disp — W — wa+ wf — wp

mn
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Multipole expansion
(2) Expand V' in Cartesian multipoles
V' = Tq"q® + To (q*uB — 12q)
T (008~ ubuf + 04°) +OGF) @
ap.v=VaVg...V, (;) 9)
more compact in spherical harmonics

V= O Timom QP (10)

summation over identical indices always implied
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Multipole expansion in PT2

(1+2) For simplicity start with dipole-dipole term

Yy (0408|114 aﬁl‘,@|mAnB><mAnB|ﬂw7jy5N6|OAOB>

dlsp A B __ B
ma0 N0 W+ W —Wa
. 0A|Ma|mA <mA\H7\0A><OB|H5|”B><”B|M |05)
o‘ﬁ vé Z Z WA + WB wB
ma7#0 np#0 n
2 ol <0A|u§|mA><mA|u§|0A>
== —TapTys [ dw Z 2
m - AT+ w2
y Z/erf (08|13 1n8) (nal1f|08) (1)
- wB? + w?
Use McLachlan integral identity to factorize energy denominator
1 2 AB
=214
A+B 71'/ YA+ 0?) (B2 + u?) (12)
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Multipole expansion in PT2
(1+2) Identify dynamic polarizability
2 , .
Uty = = 2TosTos [l (i) afs(iv) (13)
Spherical averaging (exact for atoms)
1 cg®
dISp /dwa IUJ (IW) X E = —F (14)

Analogue for higher order terms, short-range damping

CAB ()
Ud/sp = Z :‘;’7 fdamp (15)

n=6,8,10,...

More general via charge density susceptibility

Ulgy = — o /dw /dra ar! dr dr, XUa Fay i) X (1, 1, ) (16)
[ra — ro||rk — rp)
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