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Why are van der Waals interactions
important?

present in all electronic systems; even for non-overlapping densities

leading term in 3D is always attractive
−→ accumulation of “weak” contributions

London dispersion interaction also known as attractive part of the van der
Walls potential
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Definition of the model system

nuclei fixed, Hilbert space HA = HB = L2(Rd )

Hamiltonian Ĥ = ĤA
0 + ĤB

0 + ĤI

interaction ĤI =
1
R

+
1

|R− rA + rB|
+

1
|R− rA|

+
1

|R + rB|
assume R large enough to ignore Fermionic symmetry

specific form of ĤA/B
0 not relevant, only assume rotational symmetry, i.e.

[ĤA/B
0 , Û] = 0, and Û|Ψ(rA, rB)〉 = |Ψ(UrA, rB)〉

rotation matrix U (±1 for one dimension)
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Second order perturbation theory

expand ĤI in powers of 1/R:

ĤI =
(rArB)R2 − 3(rAR)(rBR)

R5 =
rArB − 3xAxB

R3 +O(R−4)

zero order ground state from direct product |0〉 = |0A〉|0B〉

rotational symmetry 〈0A|rA|0A〉 = 0

zero order energy

E0
0 = 〈0|Ĥ0|0〉 = EA

0 + EB
0

first order energy

E1
0 =〈0|ĤI |0〉

=〈0| 1
R3 (rArB − 3xAxB|0〉+O(R−4) = 0 +O(R−4)
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Second order perturbation theory

second order energy

E2
0 =−

∑
n

′ |〈n|ĤI |0〉|2

En − E0

=− 1
R6

∑
n

′ |〈n|rArB − 3xAxB|0〉|2

En − E0
+O(R−8)

=− 1
R6

∑
nA

′
∑
nB

′ |〈nAnB|µAµB|0A0B〉|2

EA
n − EA

0 + EB
n − EB

0
+O(R−8)

=− 6
R6

∑
nA

′
∑
nB

′ 1
ωA

0n + ωB
0n

(
|〈nA|µA|0A〉|2|〈nB|µB|0B〉|2

)
+O(R−8)

excitation energies ωA
0n = EA

n − EA
0 , spherical dipole operators µA

MacLachlan integral identity 1
A+B = 2

π

∫
dω AB

(A2+ω2)(B2+ω2)
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Second order perturbation theory

second order energy

E2
0 =− 1

R6

3
π

∫
dω

[∑
nA

′ω
A
0n|〈nA|µA|0A〉|2

ωA
0n − (iω)2

][∑
nB

′ω
B
0n|〈nB|µB|0B〉|2

ωB
0n − (iω)2

]

=− 1
R6

3
π

∫
dωαA(iω)αB(iω)

dynamical dipole polarizabilities αA/B

dispersion coefficients CAB
6 = 3

π

∫
dωαA(iω)αB(iω)

well known expression for London dispersion energy

E2
0 =− CAB

6

R6
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Absence of 1/R7 terms

inversion operator: Î|Ψ(rA, rB)〉 = |Ψ(−rA,−rB)〉

Î is symmetry of system:
[̂
I, Ĥ
]

= 0

|n〉 are eigenstates of Î, Î2 = 1, ÎrA Î = −rA

split perturbation sum

E2
0 =−

∑
n

′ |〈n|ĤI |0〉|2

En − E0

=−
∑

n
Î|n〉=+|n〉

′ |〈n|ĤI |0〉|2

En − E0
−

∑
n

Î|n〉=−|n〉

′ |〈n|ĤI |0〉|2

En − E0

no mixed terms of even and uneven power of R possible
−→ no R−7 term in second order expansion
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Consistency of perturbation expansion

for consistency, higher oder expansion of ĤI in first order energy needed

straight-forward expansion in Am. J. Phys. 83, 150 (2015), App. B

rewrite first order energy

E1
0 = 〈0|ĤI |0〉 = 〈0B|VA(R)− VA(R + rB)|0B〉

VA(r) = 〈0A|
1
r
− 1
|r− rA|

|0A〉

= 〈0A| −
rrA

r3 +
r2
A

2r3 −
3(rrA)2

2r5 +O(r−4)|0A〉

employ identity 〈0A||rA|2|0A〉|r|2 = d〈0A||rrA|2|0A〉

characteristic length a2 = 〈0A||rA|2|0A〉
d
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Consistency of perturbation expansion

first order energy

E1
0 =

3(3− d)(5− d)a2

4
1

R5 +O(R−7)

for d = 3, first oder term vanishes and attractive R−6 is the leading order

for d = 1, 2, E1
0 is nonzero and repulsive R−5 is the leading order

Summary: H2 model

leading order energy: attractive R−6 in 3D and repulsive R−5 in 1D/2D

C6 dispersion coefficients can be computed from dynamical polarizabilities
of separated atoms
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Exact expression for correlation energy
from response function

Ec = − 1
2π

∫ 1

0
dλ

∫
drdr′

1
|r− r′| ×

∫ ∞
0

dω
[
χλ(r, r′, iω)− χ0(r, r′, iω)

]
from adiabatic connection fluctuation dissipation theorem[1]

Coulomb interaction scaled by λ

linear response of the electron density with respect to local perturbation

δρ(r, ω) =

∫
dr′χ(r, r′, iω) δV ext(r′, ω)

relation to dynamic polarizability

αij (iω) =

∫
drdr′ ri r

′
j χ(r, r′, iω)

[1] A. Zangwill, P. Soven, Phys. Rev. A 21, 1561 (1980)
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In practice not solvable for
many-particle systems

Ec = − 1
2π

∫ 1

0
dλ

∫
drdr′

1
|r− r′| ×

∫ ∞
0

dω
[
χλ(r, r′, iω)− χ0(r, r′, iω)

]
analytical expression for non-interaction Kohn-Sham system

χ0(r, r′, iω) = −4
occ∑

i

virt∑
a

ωai

ω2
ai + ω2

ϕi (r)ϕa(r)ϕa(r′)ϕi (r′) ,

occupied and virtual KS orbitals ϕi and ϕa

χλ too complicated to compute in practice

→ approximation needed

[1] A. Zangwill, P. Soven, Phys. Rev. A 21, 1561 (1980)
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Double perturbation of intra- and
interfragment contributions

start with a HF or KS solution of the unperturbed fragments

perform a double perturbation in monomer correlation and intermolecular
interaction ĤI

Ĥ = F̂ + Ŵ + ĤI

Fock operator F̂ , MP perturbation Ŵ

standard PT not applicable at short distances due to density overlap
(product states are no eigenstates of the zero order Hamiltonian)

use both antisymmetric and symmetric product states

[2] Claverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroödinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).
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Physical interpretation of different
contributions

different contributions in different order:

E (1j)
es 1st order electrostatic

E (1j)
EXR 1st order exchange

E (2j)
ind 2nd order induction

E (2j)
EXR-ind 2nd order exchange induction

E (2j)
ind 2nd order dispersion

E (2j)
EXR-disp 2nd order exchange dispersion

gather various orders to physical contribution

∆E = EEXR + Ees + Eind + Edisp

[2] Claverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroödinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).
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Binding contributions to vdW dimers

attractive

repulsive

−16

−12

−8

−4

0

4

8

12

EEXR Ees Eind Edisp Etot+ + + =

en
er

gy
[k

J·
m

ol
−
1
]

attractive

repulsive

−12

−8

−4

0

4

8

12

EEXR Ees Eind Edisp Etot
+ + + =

E
/
kc
al
·m

ol
−
1

[2] Claverie, P. “Theory of intermolecular forces. I. On the inadequacy of the usual Rayleigh-Schroödinger perturbation method

for the treatment of intermolecular forces.” Int. J. Quantum Chem. 5, 273-296 (1971).
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Rayleigh-Schrödinger PT2

(1) Rayleigh-Schrödinger perturbation to second order

W AB =W AB
0 + W AB

1 + W AB
2 +O(3) (1)

W AB
0 =W A

0 + W B
0 (2)

W AB
1 =〈00|V ′|00〉 (3)

W AB
2 =−

∑
mn

′ 〈00|V ′|mn〉〈mn|V ′|00〉
W A

0 −W A
m + W B

0 −W B
n

=−
∑

m

′ 〈00|V ′|m0〉〈m0|V ′|00〉
W A

0 −W A
m

−
∑

n

′ 〈00|V ′|0n〉〈0n|V ′|00〉
W B

0 −W B
n

−
∑
mn

′′ 〈00|V ′|mn〉〈mn|V ′|00〉
W A

0 −W A
m + W B

0 −W B
n

(4)
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Rayleigh-Schrödinger PT2

(1) Rayleigh-Schrödinger perturbation to second order

(a) Electrostatic in first order

UAB
es =〈00|V ′|00〉

=

〈
00

∣∣∣∣ ∫ dr dr ′
ρ̂A(r)ρ̂B(r ′)
|r − r ′|

∣∣∣∣ 00
〉

=

∫
dr dr ′

ρA(r)ρB(r ′)
|r − r ′|

(5)

(b) Induction in second order

UA
ind =−

∑
m

′ 〈00|V ′|m0〉〈m0|V ′|00〉
W A

0 −W A
m

UB
ind =−

∑
n

′ 〈00|V ′|0n〉〈0n|V ′|00〉
W B

0 −W B
n

(6)
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Rayleigh-Schrödinger PT2

(1) Rayleigh-Schrödinger perturbation to second oder

(c) Dispersion in second order

UAB
disp =−

∑
mn

′′ 〈00|V ′|mn〉〈mn|V ′|00〉
W A

0 −W A
m + W B

0 −W B
n

(7)
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Multipole expansion

(2) Expand V ′ in Cartesian multipoles

V ′ = T qAqB + Tα
(
qAµB

α − µA
αqB)

+ Tαβ
(

1
3

qAΘB
αβ − µA

αµ
B
β +

1
3

ΘA
αβqB

)
+O(n3) (8)

T n
αβ...ν = ∇α∇β . . .∇ν

(
1
R

)
(9)

more compact in spherical harmonics

V ′ = QA
l1m1
Tl1m1,l2m2QB

l2m2
(10)

summation over identical indices always implied
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Multipole expansion in PT2

(1+2) For simplicity start with dipole-dipole term

UAB
disp =−

∑
mA 6=0

∑
nB 6=0

〈0A0B|µA
αTαβµB

β |mAnB〉〈mAnB|µA
γTγδµB

δ |0A0B〉
W A

0 −W A
m + W B

0 −W B
n

=− TαβTγδ
∑

mA 6=0

∑
nB 6=0

〈0A|µA
α|mA〉〈mA|µA

γ |0A〉〈0B|µB
β |nB〉〈nB|µB

δ |0B〉
W A

0 −W A
m + W B

0 −W B
n

=− 2
π
TαβTγδ

∫
dω

[∑
m

′ ωA
m 〈0A|µA

α|mA〉〈mA|µA
γ |0A〉

ωA
m

2
+ ω2

×
∑

n

′ ωB
n 〈0B|µB

β |nB〉〈nB|µB
δ |0B〉

ωB
n

2
+ ω2

]
(11)

Use McLachlan integral identity to factorize energy denominator

1
A + B

=
2
π

∫
dω

AB
(A2 + ω2)(B2 + ω2)

(12)
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Multipole expansion in PT2

(1+2) Identify dynamic polarizability

UAB
disp =− 2

π
TαβTγδ

∫
dω αA

αγ(iω)αB
βδ(iω) (13)

Spherical averaging (exact for atoms)

UAB
disp =− 3

π

∫
dω αA(iω)αB(iω)× 1

R6 = −CAB
6

R6 (14)

Analogue for higher order terms, short-range damping

UAB
disp = =

∑
n=6,8,10,...

CAB
n

Rn f (n)damp (15)

More general via charge density susceptibility

UAB
disp = − 1

2π

∫
dω

∫
dra dr ′a drb dr ′b

χ(ra, r ′a, iω)χ(rb, r ′b, iω)

|ra − rb||r ′a − r ′b|
(16)
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